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Abstract
Wireless “on demand” multimedia services are becoming common place in the
communications industry. As these technologies mature, the capacity requirement on the
wireless network rises. When developing mobile infrastructure it is important to know what
the fundamental limit of data transmission for the network will be. Spectral Efficiency is the
measure of how much data can be pushed through a specific bandwidth per second. This
report attempts to find a limit on the maximum possible spectral efficiency for a wireless
network.

A signal to noise ratio technique is used to simulate a simplified cellular mobile network.
Mobile communication devices are placed in the cellular network in random locations and the
variation in signal to noise ratio measured.

The spectral efficiency of the network is

calculated from the signal to noise ratios in an attempt to find how efficient the network is and
how it reacts to different stimuli such as reuse distance. Attempts are made to improve the
problem areas of the network where signal to noise values will be poor. Multiple transmitters
and Multi User Detection techniques are investigated and shown to yield significant
efficiency improvements for the network as a whole.

Two novel techniques are discussed which attempt to understand a network in a more
fundamental way. A bandwidth limited pulse is a pulse of the smallest width in temporal
space when the bandwidth is restricted. Once a pulses width is known, an estimation of how
many pulses can be packed together per second can be made, this leads directly to spectral
efficiency.

Quantum information techniques, combining quantum entropy and wave

mechanics, are discussed. Wavefunctions are used to describe how quanta of information
may be transmitted and how the interference between communication channels may be
modelled.
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1. Introduction

Throughout the past century many great advances have been made in the technologies which
we use to communicate. As we achieve greater feats of information transfer we are inevitably
led to ask, ‘is there a fundamental limit to what we can achieve?’. In 1948 Shannon produced
a paper which is considered to be the foundation of modern information theory. It was his
formulations that lead to a crowning achievement of information theory, an equation which
enables us to characterize the upper capacity bounds of an additive Gaussian white-noise
channel without requiring any knowledge about how the system works.

As public demand for mobile phones and other wireless communication systems increase, we
require a better understanding of the limit at which point a radio network becomes saturated.
This is a different problem to that solved by Shannon. Here we must consider a network of
transmitters surrounded by a sea of mobile receivers all of which will be sending and
receiving information. Such a system will be dominated by the interference effects between
all transmitting structures.

The purpose of this investigation is to determine if there is a fundamental limit to the amount
of information that may be transferred by a radio network, and if so how we may set about
finding a value for this limit. The term cellular network is often used to describe a radio
network, these networks are comprised of hexagonal cells which tessellate together to form a
surface. These networks are formed by creating an array of base stations which are capable of
communicating with mobile users anywhere in the array. Each base station in the array is
considered to have a strong hexagonal range of influence which then significantly falls off
outside the cell.
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Figure 1 – 1,6,12 pattern of hexagons. This gives the two layers of nearest neighbours to the central hexagon.
The dotted lines all converge at the position of a potential mobile user to show the summation of signals from all
near base stations.

Figure 1 shows the arrangement of base station cells which will form the basis of our radio
network model. Only mobile users within the central cell will be considered because in a
large network all cells are equivalent. The power of the transmitted radio signals falls off
such that there should be negligible interference from cells further than two layers out. A
monté carlo approach will be used to simulate the signal received by mobile users for 1000s
of points inside the central cell.

Within this report we shall consider one specific case of information transfer, that of the
Broadcast Channel. In this scenario we look at the information transferred by a single
transmitter to a random distribution of receivers within the transmitter’s hexagonal cell of
influence.

In order to asses the amount of information that may be transfer we need to specify a
quantifiable unit. Here we shall use Spectral Efficiency (SE), as it is a unit used within the
radio network industry and so gives results that relate to current radio networks. Spectral
Efficiency has units of bits per second per Hz (bits s-1 Hz-1), so it is a measure of how much
data you can push through a given bandwidth. The larger the spectral efficiency the better the
system is at transferring information.
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An important distinction needs to be drawn when defining spectral efficiency. Spectral
efficiency represents the amount of data which passes through a network regardless of any
coding system. Error correction and voice compression technologies are useful in improving
the efficiency of a network. These processes do not improve spectral efficiency of a network;
they just allow a large message to be said in a more concise form, as a result these are just
termed coding systems.

The report is structured so as to give an introduction to radio networks and the relevant
theoretical background to the investigation before moving on to the simulation of a radio
network. Details will be given about how our model for a ‘real’ network was created,
followed by the factors which affect the networks SE and how these factors may be
manipulated to produce optimum solutions. We then present evidence which we believe
shows there is indeed an upper limit to the average SE of a radio network cell, and finish off
with a selection of possible models which may be used to obtain this fundamental limit.
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2. Radio Networks

A radio network comprises of a mixture of base stations, relays and mobile terminals. A
signal is sent from a base station and travels via several relays to a transmitter which sends
information to receivers within its area of influence. As mentioned previously we are only
consider the broadcasting of information and hence we concentrate on the cellular distribution
of transmitters (figure 1).

2.1 Types of Radio Networks
Throughout the development of radio networks many different technology standards have
been used 1 . Various different coding systems have been used to better utilise the radio
spectrum by allowing multiple users to share the same physical channel. The goal is to allow
as many as possible users to share a frequency range with minimal interference.

Figure 2 – Graph showing how new radio technology standards have lead to an increase in area spectral
efficiency

Two of the most common coding systems are described below:

TDMA "Time Division Multiple Access"
TDMA lets multiple users share the same frequency channel by chopping up the channel into
sequential time slices. Each user takes turns transmitting and receiving data, in this manner
only one user is using the channel at any given time.
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CDMA "Code Division Multiple Access"
CDMA lets every user use the channel at the same time. CDMA works by using spread
spectrum digital modulation, this form of modulation takes all of the users data streams and
pseudo randomly spreads them across the channel. The receiver can then undo the pseudo
random encoding and pick out the required signal.

Both of these methods enable a more efficient use of the available spectrum. However it is
important not to get bogged down in such technical aspects but to pursue a more fundamental
description about how this information may be transmitted. Both CDMA and TDMA show
how a given SE may be split up so as to serve as many users as possible, but neither of these
coding techniques shows how a maximum SE value can be found. Following the same lines
as Shannon we shall state that there does not exist a type of coding that will allow us to
transfer more information than the limiting SE of the network allows. We search for the
fundamental limit in the hope that the technological aspects will follow after.

2.2 Radio power with distance
The most important aspect of a radio network is the way in which the radio waves propagate
from a transmitter. With knowledge of this information we can ascertain the strength of the
signals from all transmitters in our network at a given point. This is vitally important as it
enables us to calculate the Signal to Noise Ratio (SNR) and ultimately the SE of the network
(see section 2.5 on capacity).

For an electromagnetic source emitting isotropically in three dimensions and in a vacuum, the
power of electromagnetic energy at a point falls off as

P=

k
4π r 2

Eqn. 1

where ‘P’ is the power at a distance ‘r’ from an emitting source with power output ‘k’. For
this case the power essentially spreads out over the surface of a sphere, if emission were in a
2D plane then the power would fall off as the circumference of a circle.

In a realistic environment a radio transmitter will not emit isotropically in three dimensions
and obstacles will attenuate the signal.

Obstacles can include trees, buildings, hills,

mountains, other artificial structures and adverse weather conditions such as fog. The height
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of the transmitter relative to the obstacles plays an important role in establishing the signal
strength any given point. It is therefore necessary to define a model which can approximate
how the variation in signal strength varies with distance in an urban environment.
2.3 The two slope path model 2
The two slope model assumes that the signal power varies with distance in two discrete
sections. The slope before the turning point has a gradient ‘a’, and after this point a gradient
of ‘a+b’. The location of this turning point is described by g as seen in Figure 3. The
equations which govern this two slope model actually produce a rapidly varying smooth
transition between these two slopes which prevents any unphysical discontinuities.

Figure 3 – The two slope approximation of signal strength with distance from transmitter

The two slope model is governed by the following
K

S=
r

a

(1 + r g )

b

St

Eqn. 2

where S (dB) is the average received signal power
K is a constant.
r(m) is the distance between the mobile and the base station.
a is the basic path-loss exponent (~2).
b is the additional path-loss exponent (2 to 6).
St (dB) is the transmitted signal power.
g(m) is the break point of the path-loss curve and given by
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( 4hB hm )

Eqn. 3

λc

where
hm(m) is the mobile antenna height.
hB(m) is the base station antenna height.

λc is the wavelength of the carrier frequency.

The base station antenna height is an easily controllable variable and can be used to change
the effective cell size in a cellular network. If you desire to make a dense network of cells
then to limit interference between distant cells you could reduce the height of the antenna.
The wavelength of the carrier frequency is generally not controllable because government
regulation restricts different carriers to defined frequency ranges.

2.4 Sources of noise
When considering the propagation of radio signals it is vital to take into account the sources
of noise which will cause a decrease in the signal power. It is well known that signal
propagation in radio system is affected by three independent phenomena 2: Deterministic path
loss variation with distance, random shadowing, and random multipath fading.

We have already looked into the degradation of signal power with respect to the nature of the
environment through which the signal is travelling; this lead to the use of the two slope model
for signal degradation. The two other phenomena that affect the power of the signal still need
to be taken into consideration.

The first effect to consider is that of shadowing. Shadowing is a process brought about by
line of sight (LOS) interference i.e. an object such as a tree in between the transmitter and
receiver.

The shadowing is generally modelled as a lognormal distribution, using the

following form:
ps ( s ) =

 (ξ ln(s ) − µ ) 2 
ξ

exp −
2σ 2
2πsσ



Eqn. 4

Where ξ = 10/Ln 10 , S is the received signal power due to the two slope model,
Ln( S ) is the mean of the distribution, and σ is the standard deviation of the distribution.
The Figure 4 below shows a lognormal distribution.
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Figure 4 – Plot of a Lognormal distribution. This distribution is used to model the effects of shadowing

The second effect which needs to be included in a model of signal propagation is fading.
Fading is due to signals reflecting / refracting off objects between the transmitter and the
receiver, but with the signals ultimately ending up at the receiver. Fading can be split up into
two main types; Rayleigh and Ricean fading.

In Rayleigh fading there is no line of sight between the transmitter and receiver. The signal is
reflected, refracted and diffracted by intervening objects. If the density of objects in the way
is high enough then the decay in the strength signal can be described by a Rayleigh
distribution.

In Ricean fading there is a direct line of sight between the transmitter and the receiver, for this
reason the distribution is shifted to reduce the amount of signal loss. In this situation a Ricean
distribution is needed.

It is possible to express both of these distributions by a non-central chi-squared distribution
(NCX2), with the centre of the distribution shifted accordingly for Ricean fading: This shift
takes into account a dominant signal due to the LOS path.

However we must take note of the fact that both shadowing and fading are secondary effects
compared to the much more dominant path loss degradation. Later on we shall conduct an
investigation to see how these different factors affect the signal strength and which of them
need to be included in our model of the network.
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2.5 Capacity
After having described what a radio network is, we need to explain what capacity is and how
it may be calculated. In 1948 Shannon stated that there was an upper limit to the amount of
information that may be transferred by a communication system. This upper limit was termed
the capacity of the system. The beauty of Shannon’s formulation is that it requires no
knowledge about how the communication system works. We only need knowledge about the
information which is to be sent, in terms of its entropy. The capacity per symbol is given by 3:
C s = max I ( x; y )

Eqn. 5

Where Cs is the capacity per symbol and I(x;y) is the mutual information per symbol. The
mutual information is defined as the uncertainty about the channel input after the channel
output has been observed. So if a signal x is sent and a signal y is received, the mutual
information is the uncertainty that the received signal is the actual signal sent. Mutual
information is given by 4:

I ( x; y ) = H ( x) − H ( x | y )

Eqn. 6

Where H(x) is the average information content of each symbol, and H(x|y) is the information
obtained from sending a symbol x and receiving a symbol y.
m

H ( x) = −∑ p ( xi ) log 2 p ( xi )

Eqn. 7

i =0

n

m

H ( x | y ) = −∑∑ P( xi , y j ) log 2 P( xi | y j )

Eqn. 8

j =1 i =1

The average information content of a symbol can be calculated as in Eqn. 7 and Eqn. 8. For
example in Eqn. 7 p(xi) is the probability of the symbol xi being sent and the information
contained by this symbol is given by log2 p(xi). By summing over all possible symbols that
may be sent, for an alphabet of m symbols, an average for the information content of each
symbol is obtained. Eqn. 8 is in an identical form to Eqn. 7 except that the probabilities have
been changed to the probability of sending xi and receiving yi.

An interesting point to note at this juncture is that if we have a system for which we are only
sending one symbol with a probability of 1, we receive no information. It is only when there
is an uncertainty about which symbol may be sent that we are able to transfer information.

Page 11 of 74

Fundamental Limits of Radio Networks

Stephen Mullens
Alexander Saywell

If we have the capacity per symbol of a system, Cs (Bits per symbol), then if we know the rate
at which symbols are sent, r (symbols s-1) we can find the capacity, C (Bits s-1), of the system.
C = Cs r

Eqn. 9

We now have an understanding of what capacity is in terms of entropy, but we need to know
its actual effect on physical systems. Shannon stated that for a system with a capacity, C,
along which information (with a value H) is sent there are two distinct cases. Where H≤C
there exists a method of coding so that the signal can be transmitted with an arbitrarily small
frequency of errors. In the situation where H>C there is no way of coding the information to
reduce the amount of errors to less than H - C. That is to say that if we send information over
and above the capacity of the system we will generate errors. Any extra information we try to
force through the system merely produces errors in the rest of the information. Therefore
there is no benefit in increasing the rate at which signals are sent if this brings the value of
information being sent over the capacity of the system. This can be demonstrated by the
following figure.

Figure 5 – Plot showing the attainable region of information transfer

The graph in Figure 5 is a representation of Eqn. 5. The shaded region shows how much
information may be transmitted through the system with the corresponding amount of error.
For example if we send H(x)=C information along the channel then we will have zero errors.
However if we increase the amount of information that we send then we have to introduce
errors, Hy(x), as we must stay within the attainable region of the graph.

Possibly the most important part of Shannon’s discovery was to relate the capacity of a
system to the signal to noise ratio (SNR) of the received signal. We may consider a system to
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be a simple channel to which we can add interference. The input signal may be modelled as a
continuous random variable, X, to which noise, n, is added.

Figure 6 – Schematic of a single channel with additive white Gaussian noise

The formulation is for a single communication channel to which white noise is added and is
given as1:
S

C = B log1 + 
N


Eqn. 10

Where B is the bandwidth of the communication system in Hz, and S/N is the signal to noise
ratio of the received signal.

This formula is incredibly powerful as it shows the relationship between signal strength and
bandwidth. If we require a certain capacity, we may achieve this by boosting the signal
power and hence increase the SNR or we may increase the bandwidth of the system. This is
especially important in radio networks as there is only a limited amount of bandwidth to be
used, so this formula allows a way to increase the capacity of the system while keeping the
same bandwidth.

As stated in the introduction we shall use SE as a measure of the radio networks ability to
transfer information. The units of SE are bits s-1 Hz-1, which by dimensional analysis allows
us to rearrange Equation 10 to give us the SE of a system in terms of the SNR.

The purpose of this project is to investigate whether it is possible to formulate a way of
finding the upper limit for the SE of a radio network. This is infinitely more complicated as
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we now need to consider a cellular network of base stations each transmitting signals that
shall interfere with one another, and the effects of interference between users.

Our starting point in working towards this limit is to model a ‘real’ radio network and to
investigate what factors effect the SE of the system. From this starting point we should be
able to see how we may be able to formulate an upper limit, and to use the ‘real’ network as a
test for the validity of any alternative models we design.
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3. Simulating a Cellular Mobile Network
There are two measures of spectral efficiency for a mobile network, the uplink and the
downlink spectral efficiencies. The uplink spectral efficiency is based around how effectively
a mobile in any given position can send data to the network, this is non deterministic because
the distribution of transmitting mobiles is unknown and is time varying. The downlink
spectral efficiency is how effectively the network can send data to mobile receiver; this is a
deterministic process because the location of all transmitters is fixed and known.

The approach to be investigated is the downlink architecture with a TDMA fat pipe principle.
The network will send data to many mobiles over a hexagonal cell but instead of
synchronously sending to each mobile, each mobile will receive full access to the network for
a small amount of time. This allows us to discount the interference between users which
greatly simplifies the problem. The stages in constructing a computer model are detailed
below and the justification behind various computing techniques is given.

3.1 Stage 1: Simulation
Use a Monte Carlo process to simulate many mobile users in a hexagonal cell.

Statistical simulations can be used to model a physical situation without needing to solve the
common differential equations which exist. The requirement to run a Monte Carlo simulation
is that the behaviour of the system can be described by a probability density function. The
simulation then randomly samples from the probability distribution and the desired result is
taken as an average of the observations. The probability distribution for mobile users is
assumed to be flat, i.e. mobile users are isotropically distributed over space. In reality mobile
users will tend to cluster in specific locations such as towns and venues but this will not be
considered at this point.

It is desired to produce a vector of random positions inside a regular hexagonal structure
evenly distributed over the surface.

A simple set of conditions can produce hexagonal

random numbers in a regular hexagon with side length r. The conditions are:
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−r
r
≤x≤
2
2
− 3r
3r
≤ y≤
2
2

Eqn. 11 [a,b,c]

3 x + y ≤ 3r
where x and y form a Cartesian coordinate system with the origin at the centre of the hexagon.
Figure 7 shows approximately 7000 randomly distributed data points over the surface of a
regular hexagon. The outer rectangular box is formed by the first two conditions and then
third condition removed the corners of the box to form the hexagon. The corner removal
condition can be derived by consideration of the equation of the straight lines which build up
a hexagon.

Figure 7 – A hexagon of randomly distributed data points

3.2 Stage 2: Signal strength
Now that the distribution of mobile users in a hexagonal cell has been simulated, the next step
is to work out the signals which each user receives. It is assumed that there is no interaction
between the received signals, i.e. they do not interfere and cancel each other. The nearest 18
hexagons will be considered; at distances greater than this the expectation is that the received
signal strength would be negligible. To establish the signal strength at a point in the cell we
must know the distance from the transmitter. To do this we start by defining the distance
between the centres of any two cells in terms of a pair of basis vectors.
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Figure 8 [a,b] – [a] The two critical vectors and how they can be combined to find any other cell
[b] How the distances from each transmitter vary given a random mobile position

Figure 8 shows 19 packed hexagonal cells which form two layers around the central cell.
There are two crucial vectors (v1, v2) marked on the Figure 8[a] which allow the construction
of a vector to any cell in the structure. Using this fact it is simple to find the distance from
any cell to another. For a mobile user at some position in the central cell, the distance to the
transmitter in any cell in the network can be calculated by subtracting the users’ position in
component form from the cell to cell vector. This results in the vectors for a point shown in
Figure 8[b].

The signal strength is a function of distance plus some uncertainty term. The uncertainty is
due to path related lognormal shadowing and fading. The implementation of either a one or
two slope model for signal strength simply requires plugging the distance into an equation
then adding some random lognormal noise for each signal (see section 4 for a description of
this process).

At this point there now exists a matrix which holds a signal strength value for all 19
transmitters for many different positions in the central cell.

The expectation is for the

strongest of these signals to be from the central cell, this not always the case though as the
lognormal path related noise means that it is possible for mobile users near the edge of the
cell to feel a stronger signal from a neighbouring cell.
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3.3 Stage 3: Signal to Noise Ratio (SNR)
For simplicity the strongest signal will be taken to be the real signal carrying the required data
and the rest carrying noise. The signal to noise ratio is simply the ratio of the real signal
divided by the sum of all of the noise.

Signal strength is measured in decibels dBs. Decibels are often used to allow comparison of
numbers which greatly differ in magnitude. The power difference between two different
points can be expressed as a decibel value according to
P 
∆P ( dB ) =
10 log10  A 
 PB 

Eqn. 12

where P denotes Power of the signal and subscripts A and B refer to the power at a location A
and B respectively. In the case of the signal sent from a transmitter to a mobile; location B
will be taken to be at the transmitter and location A be the location of the mobile user. The
ratio of the two powers will produce a negative value when logged; this will reflect that the
mobile user is detecting a weaker signal than that being sent.

To find the resultant signal from the combination of two separate signals one must not
directly add two decibel values. Decibels represent a ratio of two powers, so combination can
only be carried out under specific situations, in the case of a cellular network addition is only
possible if all of the transmitters in the network emit at the same power. To combine two or
more signals it is necessary to undo the log relationship before combining the two numbers,
this can be seen here

∑ P ( dB )=10log ∑10
i

i

Pi /10

Eqn. 13

10

i

where Pi represents the power of signal i. The logs have been reversed and the power
converted back to a decibel value after signal combination.

The signal to noise ratio should be carried out in normal units rather than using a ratio of the
signal and noise decibel values.
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3.4 Stage 4: Spectral efficiency
The spectral efficiency is a measure of data throughput through a specific bandwidth and has
units of bits s-1 Hz-1. To calculate the spectral efficiency from the signal to noise ratio the
value should be manipulated as follows
-1
SE bits s=
Hz -1 log e ( SNR
=
+ 1)

C
B

Eqn. 14

Where SE denotes spectral efficiency, SNR is the signal to noise ratio, C is the capacity of the
channel and B is the bandwidth3.

Using this equation for spectral efficiency it is possible to produce a graph showing how
spectral efficiency varies over a hexagonal cell. Figure 9[a] shows the typical shape for a
spectral frequency graph.

The x and y axis form the hexagonal plane over which

measurements are taken and the z axis indicates the spectral efficiency. The peak in spectral
efficiency is centred about the centre of the cell, i.e. around the transmitter. As the mobile
user gets closer to the central transmitter, the signal strength from this transmitter rises
exponentially and the interfering signals reduce. This results in a high SNR which accounts
for the large spectral efficiency values.

Figure 9 [a,b] – [a] The variation of spectral efficiency over a typical cell
[b] A histogram of the variation in spectral efficiency

Figure 9[b] shows how the spectral efficiency values from Figure 9[a] are distributed. It is
fair to say that a larger average spectral efficiency is better than a smaller average but it is
practically more important to fix the low spectral efficiencies. Low spectral efficiencies at the
edge of cells will cause black-spots in the cellular network where mobiles will be useless.
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For convenience it is necessary to be able to give a single value which describes how well the
cell performs. A simple method is to calculate an average spectral efficiency over all the
mobiles in the cell; however this does not give a measure of the spread of the distribution.
The average area spectral efficiency (ASE) is another method to describe a cellular network;
in this case the average spectral efficiency is divided by the area of the cell. The average area
spectral efficiency has significance because changing the size of the cell will result in a
drastically different range of spectral efficiency values. This variation is mainly due to how
the signal strength falls off with distance (two slope model).

Figure 10 – Variation of ASE and SE with cell size

Figure 10 shows how the mean and mean area spectral efficiency varies with cell size. For
very large cells the mean spectral efficiency tends towards a specific value. Due to the
division when calculating the area spectral efficiency, the value will peak at small areas and
tend to zero at very large areas.
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4. Investigating models of signal propagation
One of the most crucial parts of our radio system model is the degradation of the transmitted
signals strength.

As stated previously the signal strength is affected by the following

properties: Deterministic path loss, Shadowing, and Fading. The following investigation was
conducted to show how these three factors relate to each others and so lead to the best way of
modelling the signal strength in the radio network model.

4.1 Modelling signal propagation
To compare the different factors a Matlab program was created. The program starts by setting
up a series of distances from the transmitter, in intervals of 10m, and then calculates the signal
strength at each point. The main factor is the deterministic path loss, and this can be
modelled in one of two ways. The first way of modelling the path loss was to use a simple
1/r2 relationship; this corresponds to the fundamental loss of signal strength due to
propagation in a vacuum. The second model is the more complicated ‘two slope model’; this
combines a 1/r2 and a 1/r4 fall of the radio signals strength and represents the fact that the
radio signal travels through various topological features e.g. trees, buildings, hills etc. The
program plots these two models of signal strength on the same graph so that the differences
between them may be seen (Figure 11).

Figure 11 – Plot showing the fall off in signal strength (db) as a function of distance for the 1/r2 and two slope
models
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Figure 11 shows that the two models start to deviate at about 400m, with a marked difference
in signal strength appearing at around 700m. With the two slope model a break point has to
be defined; the point at which we swap between the 1/r2 and the 1/r4 relationship. In this
simulation a break point of 1000m was used, as this is the standard value used in the
literature 5.

From this graph we can conclude that for cell sizes over 400m we need to carefully consider
which model we want to use. The two slope model will give us a more realistic result, but the
1/r2 model is just as acceptable for small cell sizes.

The next stage in the program is to add Shadowing and Fading parameters to the two models
for path loss and see what effect this has. The Shadowing was modelled by a lognormal
distribution, and the Fading was modelled by a NCX2 distribution. The following graphs
(Figure 12 and Figure 13) were plotted to show how the combined affects of the different
factors interrelate.

Figure 12 – Plot showing how signal fall off is affected by fading

The graph above shows that when fading is added to the deterministic path loss we drag the
signal strength down by a small amount, depending on the parameters of the distribution we
are using. Out of the two types of fading that may be used, Rayleigh and Rician, we have
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decided to use Rayleigh fading. This is the worst case scenario where there is no clear LOS
between the transmitter and the receiver.

Figure 13 – Plot showing how signal fall off is affected by shadowing

This graph shows the effect of shadowing. Here we see that certain random points have a
considerably lower signal strength compared to the deterministic path loss. Again the amount
of deviation from the path loss model is due to parameters of the lognormal distribution that
we use; the values for the standard deviation and variance of the distributions are taken from
the literature as the accepted average5.

We must now consider what we want to achieve from the model of the radio network. The
goal of this project is obviously the fundamental limit of a radio network, but we may start by
considering a lower boundary to the upper limit. This lower boundary would be a limit
imposed by the topology of the area over which we are working; it is a worse case scenario
for the amount of information that could be transferred given the limiting effect of certain
terrain features. For this reason the model will look at a ‘real’ radio network. We shall look
at what a realistic value for the signal strength would be given the topology of the world we
live in. Therefore our model will use the ‘Two slope’ deterministic path loss onto which we
shall add the effects of Shadowing and Rayleigh fading. This will give us a lower Shannon
limit, this is the level of information transfer obtainable using a perfectly operating radio
network and taking into account the worst case scenario of fading and shadowing.
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This ‘real’ radio network model shall serve two main purposes. Firstly it may provide ways
to improve an existing radio network by seeing how various factors affect the spectral
efficiency and what optimum solutions there may be to maximising the spectral efficiency.
However a secondary, and perhaps more important function, is to enable us to have a working
model as a benchmark. If we try to formulate a way of looking at the fundamental capacity of
a network from a different angle then we need a way of determining its validity. We need to
check that it responds to changing certain parameters, such as cell radius, in the same way as
our ‘real’ network.

The next step is to use the model for the ‘real’ network and see what happens to the SE when
certain parameters are changed.

In the following section we use the ‘real’ model to

investigate; reuse distance, directional transmission of data, and the use of more than one
transmitter to transfer information.
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5. Reuse Theory
To transfer information from one place to another via a radio network we will obviously
desire to transmit the strongest signal possible with the greatest signal to noise ratio. As
signals with the same frequency will interfere it initially seems like a good idea to use a
different frequency in each cell. This will reduce the amount of interference and increase the
SNR, with the side effect of reducing the available bandwidth. However radio bandwidth is a
valuable commodity so only using each frequency once is not an efficient way to set up a
radio network.

For this reason a compromise must be drawn between reducing the

interference caused by signals sharing the same frequency and the efficient use of the
available bandwidth.

This reuse of the same frequency can be expressed by a reuse factor, F. The reuse factor is
the number of different groups that the available bandwidth is split up into. For example a
reuse factor of 1 means that there is only one frequency group and hence all the cells use the
same set of frequencies. A reuse factor of three would mean that the available bandwidth was
split up into three different frequency groups, with each cell using one of the three frequency
groups.

To calculate the reuse factor of a network we first need to define the cellular network in terms
of the relative positions of each cell. To do this two vectors are used, i and j. These describe
the relative position of each cell from the central cell. The central cell is labelled (0,0), this
set up can be seen in Figure 14.
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Figure 14 – Schematic showing vectors used to define the reuse factor

Using these coordinates we can easily find the reuse factor for the network. The reuse factor
has been shown to be 6:
F = i 2 + ij + j 2

Eqn. 15

Where F is the reuse factor and i and j represent the vectors needed to move between two
closest cells which are using the same frequency sets.

If all the cells are using the same frequency set then all cells in the first ring around the central
cell will be equidistant from the origin, and hence substituting the values of i and j for any of
these cells will give a reuse factor of 1.
For example the cell (1,-1) leads to F=12+(-1*1)+(-1)2=1.

It is also possible to define the minimum distance between cells using the same frequency.
This distance is termed the reuse distance and is given by 7:

Ru = 3F = 3(i 2 + ij + j 2 )

Eqn. 16

Where Ru is the reuse distance
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5.1 Four Colour Theorem
The point of increasing the reuse distance is to minimise the interference between cells which
are using the same frequency by increasing the distance between such cells. To this end the
best situation is the one where the distance between the cells is maximised while minimising
the number of frequencies required. This is analogous to a problem in discrete mathematics
in which a network of shapes, e.g. a map of the counties in England, is coloured so that no
two adjacent shapes/counties have the same colour. For the particular case of arbitrary shapes,
such as the map of counties, it has been conjectured that the minimum number of colours
required is 4. As an aside this theory was the first to be proved using a computer, although
there is till controversy as to whether or not it really constitutes as a proof.

It is possible for any given shape to determine how many colours, or in our case frequencies,
are required to pattern a network such that no two colours are touching. The first step is to
turn the cellular pattern into a graph by considering all the cells to be vertices joined together
by edges which indicate which cells are touching. For example Figure 15 shows a random
pattern and the graph that may be drawn to represent it.

Figure 15 – How a random cellular pattern may be represented as a graph. The vertices represent the cells, and
the edges show how the cells are connected.

From the diagram it can be seen that only three colours are needed colour the vertices on the
graph such that no two similar colour vertices are joined by an edge. The number of colours
required is termed the chromatic number, γ. It is possible to create an algorithm to determine
the chromatic number for a given graph, but in many simple cases, such as above, it is
normally apparent from observation how the graph may be coloured to minimise the
chromatic number.
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The purpose of this foray into discrete mathematics is to provide us with a method of
distributing frequencies within our cellular radio network so that no two adjacent cells are
using the same frequency set, while minimising the amount of frequency sets required.

The chromatic number we get for a given graph is analogous to the reuse factor within our
cellular networks for the criteria that no similar frequency reuse cells are touching and the
smallest possible number of frequencies is used.

5.2 Investigation into Reuse theory
Before we start creating models for the different reuse factors we will conduct a theoretical
investigation into how reuse works. The most important outcome is to find the minimum
number of frequency sets required to ensure that no two cells of the same frequency are
touching. This solution may or may not be the best arrangement to maximise the average SE
of a cell, but at the least it will provide us with a starting point to produce further reuse
patterns.

As stated above it is possible to produce a graph to represent a cellular pattern. In the case of
our hexagonal network the graph produced initially looks extremely complicated, and it is
very hard to observe a repeating pattern (see Figure 16[a]). The first step in this investigation
is to find away identifying any patterns that may be in the graph.

Figure 16 [a,b] – [a] Schematic of the graph created from a hexagonal cellular network
[b] honeycomb pattern that may be created when separating a central cell by buffer cells

Our aim here is to set up a pattern so that no two cells using the same frequency are touching.
We can do this by picking a cell at random and surrounding it by a ring of cells. The network
is now split into two types of cell, the central cell (indicated by an X in Figure 16[b]) and the
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buffer cells (linked together via blue lines). Continuing this process leads to a honeycomb
structure (see Figure 16[b]). It is apparent from this new structure that we have a repeating
pattern, a central cell surrounded by six buffer cells. From this repeating pattern we are able
to produce the graph in Figure 17.

Figure 17 [a,b] – [a] The repeating pattern and its connecting vertices to the larger cellular network
[b] The central wheel graph

Figure 17[a] shows the repeating pattern and how it joins to the other repeating units via the
dangling vertices. The right hand diagram is the same repeating pattern with the outlying
vertices removed (this is done as the outlying vertices are not important when calculating the
chromatic number). Figure 17[b] is termed a wheel graph in discrete mathematics and is
given the symbol Wn (where n is the number of vertices in the graph). In this case we have
seven vertices in the graph and hence we label it W7. Using results from the literature 8 we
can calculate the chromatic number for this graph.

Number of vertices in
wheel graph, n

Chromatic number

n = odd
n = even

3
4

As the chromatic number of our wheel graph is 3 we can label the vertices 1-3 with no two
same numbered vertices touching (see Figure 17[b]). This result can be extended back to the
original repeating unit as seen in Figure 17[]a. We now have a graph containing three
different types of vertices (3 colours). The final challenge is to see whether this graph can be
used to fill our hexagonal surface.
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Figure 18 shows that by using the vectors i and j we can move the repeat unit around to fill
the entire cellular network.

Figure 18 – Schematic showing how the repeat unit can be translated by vectors i and j to fill an infinite flat
surface

Figure 18 shows that that by using the vectors i and j we can move the repeat unit around to
fill the entire cellular network. Splitting a cellular network up into repeat units and then using
graph theory to identify the chromatic number of the graph, allows us to derive the chromatic
number for our network. In the case of our hexagonal network we have a chromatic number
of three and hence need three different frequency sets to cover the area.

The reuse pattern given by the above theory is identical to that used in the literature for the
1*3 reuse pattern, shown below in Figure 19.
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Figure 19 – 1*3 reuse pattern obtained by finding the chromatic number of he network. This pattern is identical
to the pattern used in the literature

The main conclusion to be drawn from the above investigation is that the minimum reuse
factor for a hexagonal network is three. However the method here may be applied to any type
of network, regular or otherwise, to find the minimum reuse factor. This will be invaluable as
real radio network do not comprise of hexagonal cells.

The effect of the reuse patterns upon the spectral efficiency of a cellular network will be
investigated in the next section, to see whether we can obtain greater average SE by utilising a
suitable reuse pattern.

5.3 Simulation of Reuse
Figure 20 shows two different reuse patterns which are to be considered. The different colour
cells represents the fact a different set of frequencies are being used in the cell. The 1v3 reuse
pattern is created by using three different frequency bands and spreading them over the
network in the most efficiency way. No cell is directly touching another which uses the same
frequencies. The contribution of signals felt by the central cell in the 1v3 pattern is only due
to the black cells, in this case there are seven of these black cells including the central
transmitter.
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Figure 20 [a,b] – [a] 1v3 resuse pattern [b] 1v7 reuse pattern

The 1v7 pattern is a more complicated and incorporates cells with seven different frequency
ranges. In this pattern an extra layer has been added to the outside edge of the network to
show how the pattern repeats, however it is unlikely that cells this far from the centre will
have a significant effect on the signal to noise ratio.

Figure 21 shows the difference between having a flat reuse where all cells use all frequencies
(1v1 reuse), a 1v3 reuse and a 1v7 reuse pattern. It should be noted that the SE values of [b]
and [c] have been altered by a division of three or seven respectively to account for the
reduced SE from only using a faction of the available bandwidth. Further simulations show
that the pattern seen in Figure 21, the narrowing of the distribution and shifting towards zero
SE, is continued with the use of greater reuse factors.

Figure 21 [a,b,c] – Spectral efficiency histograms r=1km cells
[a] 1v1 reuse pattern (flat reuse) – average SE = 2.00±0.02
[b] 1v3 reuse pattern (after division by 3 due to reuse efficiency) – average SE = 1.79±0.02
[c] 1v7 reuse pattern (after division by 7 due to reuse efficiency) – average SE = 1.17±0.01
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The mobiles in a fractional reuse network will experience a much better signal to noise ratio
than a flat reuse network. This is due to there being a smaller number of interfering cells in a
fractional reuse network and the interfering cells being far from the effected mobiles. The
mobiles in the 1v1 network will on average have lower signal to noise ratios than in a
fractional network but the major issue is adequate service, as long as the signal to noise ratio
is above an acceptable level then there is no need for a higher value.

Figure 22 shows the distributions which correspond to the histograms in Figure 21 [a] and [b].
There are a few major differences between the two distributions, the most significant being
the range of the distributions. The 1v3 reuse has a much narrower width in spectral efficiency
space and has a higher minimum value; the compression is due to the reuse division by three
and the raised minimum due to reduced noise from other cells. The 1v3 reuse also appears to
be a ‘noisier’ distribution; the increased spread is due to the path related noise of the real
signal being in minimal competition with signals from other transmitters.

Figure 22 [a,b] – Spectral efficiency plots corresponding to the histograms in Figure 21 [a,b]

The salient point to take away from this discussion is the trade off between the distribution of
SE across the cell and the average SE value. We can give more users over the cell a better
signal to noise ratio at the cost of reducing the average spectral efficiency. Regardless of
which reuse pattern is used we can never achieve a better average SE than that obtained by a
flat 1v1 reuse pattern. Whether it is more desirable to have a larger signal to noise ratio or a
higher average spectral efficiency is a matter for network designers to discuss and will not be
covered here.
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6. Fixing Poor Spectral Efficiencies

6.1 Using multiple transmitters
In a cellular network, users have different signal to noise ratios based upon their relative
position to the surrounding transmitters. If a mobile is near to one transmitter then it will
correspondingly be far from all other transmitters, this mobile will experience a high signal to
noise ratio (Figure 23 A). For mobiles which are approximately equidistant from two or more
transmitters, the signal to noise ratio will be poor unless more than one transmitter sends the
desired signal (Figure 23 B,C).

Figure 23 – Single layer network showing points of drastically varying Spectral Efficiency

It is possible to give some mobiles access to data from more than one transmitter to improve
their signal to noise ratio. When a mobile has a poor signal to noise ratio it can send a special
signal to neighbouring transmitters requesting they all send the data it wants. In this manner
the biggest sources of noise in the single transmitter case are converted to be usable data as
shown in Figure 24.

Figure 24 – Improvement of the signal to noise ratio using multiple transmitters

Mobiles near the edge of the central cell should either use two or three different transmitters
to build their signal from. From inspection of Figure 23 it is expected that the best system
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will allocate one transmitter to users at A, two to B and three to C. However it is not clear at
which point transitions should occur between the receivers using one or more different
transmitters.

Figure 25 is a histogram which shows how the Spectral efficiency varies over a hexagonal
cell when each user only requires the strongest signal as its source of information. The trend
in the histogram is to have a large number of users occupying a low spectral efficiency and
hence a poor signal to noise ratio. To improve the average spectral efficiency over this cell it
is necessary to change the shape of this distribution and push a larger percentage of users into
a higher spectral efficiency.

Figure 25 – Histogram of Spectral efficiency when only one transmitter is used for all mobiles

The simplest approach to find the best allocation of mobiles to the number of transmitters is to
step through different possibilities and compare their outcomes. The percentage of mobiles
using two/three mobile transmitters will be varied such that the mobiles with the worst signal
to noise ratio will be altered first. When using more than one transmitter it is assumed that
the resulting spectral efficiency value must be divided by the number of transmitters being
used to send the signal. This is to allow for the fact that if two transmitters are being used for
a signal then capacity is being lost from the adjacent cell.

Figure 26 – Two transmitters sending the desired signal
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Figure 26 is an example of two transmitters sending a mobile the required data. The area of
the cellular network which sends the required data is twice that for a one transmitter signal.
Assuming each hexagon has unit area, the resulting spectral efficiency per unit area will be
the spectral efficiency divided by two. The same logic can be applied to three and four
transmitters respectively.

Figure 27 [a,b] – Variation of average spectral frequency when using multiple transmitters

Figure 27 [a] and [b] show the effect of varying the percentage usage of two or three
transmitters respectively, not a combination of both being used at the same time. In each case
the mobiles with the worst x% of signal to noise values were given more transmitters. This
simulation was set up for a cell with a side length of 1km, the numerical values will only hold
for this situation but the trends should be representative for any cell size.

These figures both show that there is a peak average spectral efficiency occurring at around
30±3% coverage when using multiple transmitters.

This shows that using multiple

transmitters is a viable approach to improve spectral efficiency. The higher of the two peaks
occurs when using three transmitters.

Figure 27 [b] shows a peak value occurring at

approximately 30±3% for three transmitters. At this peak value any further gain in spectral
efficiency due to using multiple transmitters is offset by taking away capacity from another
cell.
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Figure 28 [a,b] – Length of cell edges = 1km
[a] All mobiles using one transmitter
[b] 30% of mobiles using three transmitters, 70% using one

Figure 28 [a] is the histogram produced when all mobiles use only one transmitter. Figure 28
[b] is the histogram which is produced when 30% of the mobiles with the worst SNR values
are given three transmitters, the rest having one transmitter. The clear difference between the
two histograms is the large spike in spectral efficiency and absence of very small values of SE
in [b]. The shifting of the poor signal mobiles to higher values and not altering the good
mobiles is responsible for improving average SE.

This approach can now be expanded to look at systems where x percentage of mobiles use
three transmitters, y percentage use two transmitters and the remaining mobiles use one
transmitter. Mobiles with the very worst signal to noise ratio will use three transmitters, and
two transmitters will be allocated to mobiles with middling signal to noise ratio.
expected case is shown in Figure 29.

Figure 29 – Allocation of transmitters to mobiles
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To find the optimum solution to this problem it is necessary to produce a 2D surface over
which every possibility is played out. This will involve stepping through both percentage
usage scenarios. Figure 30 is a two dimensional contour plot showing how spectral efficiency
varies with one, two and three transmitters in use. The half of the graph which exists at zero
spectral efficiency is due to it being impossible for the sum of mobiles using two and three
transmitters to be greater than the total number of mobiles.

From this Figure 30 it is clear that there exists an ideal solution, or solutions, defining what
percentage of users should connect to one, two and three transmitters to maximise the average
spectral efficiency. In a real system, instead of trying to modify a specific percentage of
mobiles it would be a more feasible approach to establish a threshold low signal to noise ratio.
If a mobile had a signal to noise ratio lower than the threshold then it would attempt to
connect to multiple transmitters.

Figure 30 – 2D contour plot showing how the average spectral efficiency varies with certain percentages of
using multiple transmitters.
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Figure 31 – Zoomed in section of the first 50% from Figure 30

Figure 31 is a zoomed in section of Figure 30 with an improved numerical resolution. There
exists an ‘L’ shape in which the ideal solution lies, i.e. the largest average spectral efficiency
value. It is clear that using three transmitters is sufficient to produce an approximately ideal
solution; with approximately 30% of mobiles using three transmitters and none using two, the
value lies somewhere in the ideal ‘L’ shape range. For the purpose of future investigations it
will be assumed that an approximately ideal solution can be found by only considering one
and three transmitters.

The next step in attempting to maximise the SE of a radio network is to consider an infinitely
large cell, then scan over giving x percentage of mobiles three transmitters until the maximum
value is found. Figure 32 shows a peak spectral efficiency of 4.115±0.005 bits s-1 Hz-1 for a
cell with edge lengths of 50km. Larger cell sizes result in failure due to the limiting precision
being used in the Matlab simulation.

It is apparent from Figure 32 that using multiple transmitters allows an increase in the average
SE of the network. The increase is in average SE is 3%, which although small could make a
significant increase in the efficiency of a radio network.
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Figure 32 – Finding the peak spectral efficiency for a large r=50km cell

The optimum percentage of mobiles utilising more than one transmitter is dependant upon the
size of the cell. For a real network, a threshold signal to noise method is likely to be the most
practical approach to giving some mobiles more transmitters; however this is unlikely to
result in an ideal solution.
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6.2 Multi User Detection (MUD)
The goal of MUD techniques is to be able to cancel the interference caused by other users in a
radio network 9. Different signals can be separated by intensive signal processing techniques
which consider the physical properties of the waves which form the signals. The technique
was devised by S. Verdu in 1984 and has evolved since.

For an optimal detector, the complexity per binary decision goes as
2k-1

Eqn. 17

where k is the number of simultaneous users. This exponential increasing complexity makes
the process impractical when there are many users in the network. It is generally more
practical to use a sub-optimal detection system which allows a trade off between complexity
and a satisfactory level of performance.

There are many different suboptimal algorithms which have been created in an attempt to
solve for specific situations. The two main categories are linear and non-linear algorithms.
Examples of linear processes are Decorrelation and MMSE (minimum mean square error) 10.
Non-linear processes include decision feedback and successive/parallel interference
cancellation.

The basic concept of the suboptimal algorithms is that they estimate the interference caused
by each user on the others, then cancel this from the received signal. In this manner it is
possible to remove a significant portion of the noise from a signal, resulting in a dramatically
improved signal to noise ratio. It is important to note that it is a real signals from other cells
which are being removed and not background noise.

The non optimal process which will be simulated in this investigation is successive
interference cancellation. In this process noise signals are guessed and then removed one at a
time from the received signal until there is only one signal left and some noise.
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6.3 Simulating Multi User Detection (MUD)
Figure 33 [a] shows a series of 19 signals which are sorted by strength for a random point
inside a hexagonal cell. When a MUD process is used to try to improve the signal to noise
ratio, all but the largest signals are diminished. Figure 33 [b] shows the result of attempting a
MUD process to the original signal. The main differences are that the second and third
largest signals are greatly reduced. In the case of the third weakest signal there is still
significant noise left, this noise equates to the original signal from this transmitter being
composed of the original signal and lots of noise data.

Figure 33 [a,b] – [a] Signals received [b] Signals after MUD process

Figure 34 follows the same format as Figure 33. In this case the mobile receives one very
strong signal and a few weak signals; this mobile is likely to be very near to the central
transmitter. When the MUD process is used, the two significant weak signals are reduced but
the fourth signal clearly gains in amplitude, although not to a significant level. This gain is
likely the result of the original signal being composed of real data and path related noise, in
this case ‘cancelling’ each other out. When the original signal is reconstructed and subtracted
in the MUD process the path noise then dominates producing a large peak.
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Figure 34 [a,b] – [a] Signals received [b] Signals after MUD process

Figure 35 [a] illustrates the problem that can occur when the largest signal is considered to be
the true signal. In this case the mobile is likely to be near the boarder approximately
equidistant from two transmitters. The two largest signals are very similar in magnitude and
either one could contain the real data, this is because the uncertainty due to noise is greater
than this difference between the two amplitudes.

When the MUD process is applied in Figure 35 [b], the second largest signal is significantly
reduced resulting in a much better signal to noise ratio. Unfortunately this process could have
eliminated the real signal and resulted in the mobile receiving a useless signal composed
nearly entirely of noise. In a real MUD network some protection needs to exist to prevent the
real signal being accidentally removed.

Figure 35 [a,b] – [a] Signals received [b] Signals after MUD process
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6.4 Improving Multi User Detection (MUD)
To find the maximum spectral efficiency without the MUD process it is necessary to allocate
some mobiles data from multiple transmitters. This process has been applied to a MUD
process in the hope of achieving similar improvements, i.e. reducing all but the biggest 2 or 3
signals.

From Figure 36 it is clear that allocating large numbers of mobiles multiple

transmitters is not a good idea because there is a clear downwards tendency in the spectral
efficiency. The major barrier to this process is that capacity is lost in neighbouring cells and
there is generally little improvement in the signal to noise ratio.

Figure 36 – Variation in spectral efficiency by improving the worst signal to noise ratios

Further investigation around zero percent will is needed. Although there is a clear downward
trend in spectral efficiency, there is a hint of a turning point in the range of zero to five
percent for two transmitters.

Figure 37 – Simplified example - two transmitters MUD being superior to one transmitter MUD
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Figure 37 shows a hypothetical case where the received signal is composed of two equally
large signals and eight smaller signals. The MUD process for the one transmitter case is
applied and this results in all but the largest signals being reduced. The two transmitter case
keeps the two largest signals untouched and reduces the other eight. The spectral efficiencies
for these two cases have been calculated and the two transmitter case produces a superior
result. The likelihood of this example occurring is very low because very few positions in the
cell will result in two signals of nearly identical strength. However this hypothetical case
forms the basis for multiple transmitters being suitable for a very small percentage of mobiles.

Figure 38 – High detail, low percentage simulation for two transmitters. r=1km

Figure 38 shows that using two signals for the worst cases can improve spectral efficiency in
the MUD process. As expected the percentage of mobiles which should be corrected is very
small. The results from this figure shows that giving 2.18±0.01% of mobiles two transmitters
produces an improvement in spectral efficiency of the order of 1.1±0.2% over all mobiles
using just one transmitter. For different cell sizes this is expected to change in magnitude, but
not significantly.

The use of three transmitters has been investigated and a plot with the same resolution shows
nothing but a downward trend as seen in Figure 36. It is likely that a few mobiles will benefit,
but the likelihood of three transmitters having the same/similar signal strength value is
incredibly unlikely.
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Figure 39 shows how the average spectral efficiency varies with the cell size when only one
transmitter is used as the data source. The important features of this graph are the anomaly
between 40 and 41 metres and its tendency towards a value of approximately 5.51±0.02 bits
s-1 Hz-1 at extremely large distances. The anomaly which causes a sudden reduction is
repeatable but lacks physical significance; it is likely the result of interactions between
different assumptions in the program.

Figure 39 – Variation in spectral efficiency with cell size – 1 transmitter only

The maximum spectral efficiency when using multi user detection greatly exceeds that of a
conventional multi transmitter approach. The difference is of the order of 33% for cells with
edge lengths around 104 metres.

Greater precision is not possible using this simulated

approach; some signal strengths start approaching the limit of double precision and result in
undefined solutions due to divisions by zero.
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7. Investigation into the effect of cell radius upon spectral efficiency

7.1 1D model: for a fixed receiver distance
As part of the investigation into what factors effect the spectral efficiency of a radio network
we will look at the effect of altering the cell radius. The most beneficial result to be found
would be the discovery of an optimum cell radius, for a given distance from the transmitter to
the receiver, which produces the maximum SE. We intend to find if there is a maximum
signal that may be obtained by varying the receivers proximity to the transmitter and to the
interfering signal masts. With this in mind a simple one dimensional model of a radio system
has been created, see Figure 40.

Figure 40 – Schematic of a 1D radio network

Looking once again at Shannon’s formula for the SE of a system (Equation 10), it can be seen
that the larger the signal to noise ratio (SNR) the larger the SE. Therefore we need to
maximise the SNR to maximise the SE. So if we can find a value for the cells size, R, at
which the derivative of the SNR with respect to R is equal to zero we will have found a
optimum value for the cell size (for a given receiver position).

To start with a formula for the SNR for the 1D system was derived, relating the cell size, R,
and the distance to the receiver, x. In this basic model the signal power was modelled to fall
off as 1/R2. This is the same power relation that we would expect for an electromagnetic
wave travelling through a vacuum, and so in effect is a fundamental description of a radio
wave.

(R

)

2

−X2
SNR =
2 X 2 (R 2 + X 2 )
2

Eqn. 18
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Treating the distance to the receiver as a constant, the rate of change of SNR with respect to R
is given by:
dSNR
4 R( R 2 − X 2 )
4 RX 2 ( R 2 − X 2 )
=
−
dR
2 X 2 ( R 2 + X 2 ) (2 X 2 ( R 2 + X 2 )) 2

Eqn. 19

Setting this equal to zero should return the optimum solutions for the cell radius. However
the solutions for the condition X<R (i.e. the receiver is inside the cell) are not real and hence
there is no optimum value of R.

It is easy to see this result in a graphical representation. A Matlab program was written to
calculate the value of dSNR/dR at a variety of values of R for a given distance to the receiver.
Figure 41 shows this.

Figure 41 – Plot of dSNR/dR against cell radius. Plot shows minimum SNR at R=X

It can be seen that there is only one point in the region X≤R where dSNR/dR is equal to zero.
This is the point X=R, and as the gradient at this point is positive it shows a local minimum.
This agrees with the original results for the model of the ‘real’ radio network in that the SE is
lowest at the cell boundaries.

A negative result has been obtained. It appears that for the 1D system there is not an
optimum cell size to maximise the SE. For completeness a graph has been included which
shows how the SE for a set value of X varies with cell radius.
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Figure 42 – Plot showing SE against R. Confirms lowest SNR is at X=R

This plot confirms that there is indeed a minimum value of SE when the receiver is at the cell
edge. The SE goes to infinity as the cell radius is increased. This is confirmed by a glance at
Equation 18. Increasing the cell size is analogous to the situation where the receiver is moved
closer to the transmitter. From this result we may conclude that there is no optimum cell size
and the best spectral efficiency is given at infinite cell radius, for a given receiver position, or
when the receiver is next to the transmitter.

7.2 1D model: Average spectral efficiency
It has been discovered that we cannot optimise the cell radius to give particular receiver
distances the best SNR. It will now be investigated how the average SE over the area of a cell
is affected by increasing the radius. To look at this relationship the same program mentioned
above will be used but the average SE for every cell size will be examined.
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Figure 43 – Plots showing SE and ASE as a function of cell radius

From the plots in Figure 43 it can be seen that the spectral efficiency continues to rise with
increasing cell size, and that the area spectral efficiency (ASE) falls off with increasing cell
size. This trend continues indefinitely and does not fall off at larger cell sizes.

At this point the trade off between SE and ASE is obviously apparent. An interesting point to
consider at this juncture is the directionality of the signal (see section on ‘Directional
transmission of radio data’). How do we effect the SE and ASE of a network if we can give
direction to the signal being emitted form the centre of the cell? As an example we shall
consider the 1D situation as shown in Figure 44 below:

Figure 44 – Schematic of a signal with directionality in a 1D cell

The central cell is still only using 1 frequency set but we have defined two different
transmission directions (1 and 2). In this situation we have halved the area and so doubled the
ASE. An interesting experiment at this point would be to find out how defining directions for
the signal effects the ASE, compared to simply using a cell of a different size. This is
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considered in more detail in the following section before returning to the discussion upon the
effect of the cell radius.

To briefly summarise the 1D simulation of a radio network: We have found that there is no
optimum radius to give a maximum average SE, and that in a 1D situation we are best
considering the required ASE for the system to operate efficiently when deciding upon cell
size (i.e. cell size is best chosen by considering what the minimum ASE required is).

7.3 Directional Transmission of Radio Data
If the transmitter at the centre of each cell in a cellular radio network is capable of
transmitting data in six different directions, then what effect will this have on the spectral
efficiency?

Each transmitter has six components each of which emits over 60 degrees with no overlap
between components. Figure 45 is a two layer hexagonal network with three different types
of cells. The white cells form the first layer around the central cell; each cell shares one face
with the central cell and transmits data over the whole central hexagon. The grey cells emit in
a similar manner to the white cells in that they have one face which transmits data covering
the whole central cell. The black cells require transmission of data from two different
elements of the cell to totally cover the central cell in transmission.

Figure 45 – Beaming of data by three different types of cells
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By inspection of Figure 45 it is clear that directional transmission can not improve spectral
efficiency. This is because the central cell feels the same net field as it would for a non
directional system. In this case directional transmission can improve the average area spectral
efficiency; this is because the density of users in each cell can increase by a factor of six.

Figure 46 is a graph of how area spectral efficiency varies with cell size. The two points
marked on the x axis show that dividing the cell size by a factor of six does not result in a six
times multiplication of average spectral efficiency. For a cell with a radius of 30km we have
an average ASE value of 0.1238 bits s-1 Hz-1 km-2. Whereas a cell with a radius of 5km has
an average ASE of 0.5228 bits s-1 Hz-1 km-2. If we split the larger cell into 6 parts we increase
the ASE by a factor of 6 giving 0.7428 bits s-1 Hz-1 km-2 which is greater than for an unpartitioned cell of the same area. Therefore altering the directionality of a cell is not
equivalent to changing the cell size.

Figure 46 – Graph of Area Spectral Efficiency with cell size

The shape of the curve in Figure 46 has some practical applications in network design.
Larger cells benefit from signals which have been given defined directions as there is a
possible increase in ASE. However for networks containing smaller cells a greater ASE is
achieved by splitting the cell into a microcellular network with each microcell containing its
own transmitter.
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7.4 2D Model
Returning to our investigation into the effect of cell radius upon SE we shall now move on to
the more realistic two dimensional cellular model. Following the same approach as in the 1D
situation we start by generating a model of the system to relate the cell radii and the distance
to the receiver to the SNR (see Figure 47).

Figure 47 - Schematic of the 2D model for a cellular radio network

The 1/R2 power relation for the signal strength is still being used to keep the system as simple
as possible. In this model the formula for calculating the SNR is very complicated and so
results in a complicated expression for dSNR/dR. For this reason it is impossible to solve the
equation analytically and so a Matlab program was created to find numerical solutions.

To start with the value of dSNR/dR was plotted against R for a fixed receiver position within
the cell. This produced comparable results to the 1D situation. For the region X<R there was
no zero value for dSNR/dR. However Figure 48 shows that the form of the graph is different.

Page 53 of 74

Fundamental Limits of Radio Networks

Stephen Mullens
Alexander Saywell

Figure 48 – Plot of dSNR/dR as a function of R

For X<R we have a linear relationship between dSNR/dR and R, which once again never
crosses the zero line, and so there is no optimum radius for a given receiver position.
However there are a couple of interesting differences between this and the 1D situation.
Firstly the local minimum for SNR is outside of the cell radius, rather than on the boundary,
and secondly there is a notable change in gradient just before the point at which X=R.
However as neither of these features occur when the receiver is within the cell we shall leave
any further investigation in this direction.

7.5 2D Model: Average spectral efficiency
The next step is to see what happens to the average SE of a 2D cell as we increase the radius.
We used the program which was created in the previous section, with some simple
modifications, to look at the SE of a random distribution of points within the hexagonal cell
before calculating the average SE for that particular cell radius.

The results are intriguing as they show a constant SE regardless of cell radius. Figure 49
shows a plot of the average SE for a 2D cell for a variety of cell radii.
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Figure 49 – Plot of how average SE varies with cell radius. Plot shows a limiting value of approximately 1 BpS
Hz-1

It can be seen that over a range of 10,000 m the average SE stays about the same,
approximating to a value of 1 bits s-1 Hz-1. The close up reveals a spread of points, due to the
nature of the random points used to calculate the average. These points have a spread of
approximately 0.05 bits s-1 Hz-1 and so do not deviate significantly from the average value of
1. Statistical analysis shows that the distribution of average SE values (see Figure 50), has a
mean of 0.99±0.03 bits s-1 Hz-1and a standard deviation of 0.0092.

Figure 50 - Distribution of average SE values for a model 2D cellular network with 1/R2 power fall off

This shows that there is an upper limit to the maximum average SE that may be obtained.
This is an extremely important result as it does not matter how we try and distribute the
available spectral efficiency we can not overcome this limiting value. In effect we have found
a limiting value for the average SE, the rest of this section will concentrate on investigating
how this result relates to a fundamental limit.
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The next step is to try and confirm these results. Currently we are only considering one layer
of cells surrounding the central cell. It is possible to utilise the program we created to model
a ‘real’ radio network. This model considers two layers of cells and so should give a more
realistic result. We shall continue to use the 1/R2 power model and ignore the effects of
shadowing and fading. The program was run using a range of cell radii sizes (R=10m to
R=10,000m). Once again the results show a constant value for the spectral efficiency, see
Figure 51 below.

Figure 51 – Plots of SE and ASE for a 2D cellular system with two rings of interfering cells. Plot shows a
limiting value of approximately 0.77±0.02 BpS Hz-1

Statistical analysis of this new result reveals that we have an average value of 0.77±0.02 bits
s-1 Hz-1with a standard deviation of 0.0082. Again this is evidence in favour that there is a
limiting SE which is independent of the cell radius.

Figure 52 - Distribution of average SE values for a 2D cellular network with two rings of interfering cells
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It appears that the SE is independent of the cell radius, but we need to investigate what factors
it is effected by. As seen above increasing the number of layers around the central cell causes
a decrease in SE as we have more interfering transmitters. The next part of this investigation
will look at how the rate at which the signal power falls of affects the SE of the network.

7.6 Spectral efficiency and Signal falloff
The way that the power of the signal degrades with distance is obviously going to have a
drastic effect upon the SE of a system. To see how changing the power falloff model is
related to the SE we shall use the general power falloff formula of 1/Ra and vary the value of
a. The following results for average SE were obtained for a selection of values of a:

y = 0.8167x - 0.8653
R2 = 0.9999

Power falloff coefficient, a
(BpS Hz-1)
1
2
3
4
5
6
7

Average SE
0.2443
0.778
1.5592
2.4001
3.242374
4.04522
4.83496

Average SE (BpS Hz-1)

6
5
4
3
2
1
0
1

3

5

7

9

Power falloff coeffecient

Figure 53 – Table showing average SE for a selection of power fall off models. Plot shows linear relation
between power falloff coefficient and average SE

The plot on the right shows that for every model of signal falloff there is a corresponding
limit to the average SE that can be obtained. This may be considered evidence that there is
indeed a fundamental limit to the amount of information that may be transferred by a radio
network. Here we see that there will always be a maximum average to the SE, and from this
it should be possible to use a variety of methods (such as using more than 1 signal to transfer
the information) in order to distribute this spectral efficiency in a desired manner across the
area of a cell. We have previously seen that using a Reuse factor has the effect of spreading
out the distribution of SE but cannot improve the overall average SE.
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The models shown above are not realistic simulations of signal degradation in a real network.
Previously we discussed the ‘two slope’ model for signal power falloff, so the obvious next
step is to see how this model effects the average SE of a network.

Figure 54 – Plot showing the limiting average SE for a 2D cellular model using the ;two slope’ model of
power falloff

The two slope model produces an interesting result. The plot in Figure 54 shows that we have
two distinct regions, starting with an initial rise in SE with increasing cell size but then
levelling out at about 5,000m.

The average SE is just shy of 4 bits s-1 Hz-1 which is

substantially higher than the value of average SE for a 1/R4 model. This confirms the fact that
the limiting average SE is highly depend upon the model which we use to model the falloff of
signal power.

8. Summary of the ‘Real’ network model

We have shown that there is indeed a fundamental limit to the average SE that may be
obtained for a radio network, but it is highly dependant upon two things:

1.)

The way the signal power falls off with distance.

2.)

How the signals interact with each other.
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An accurate lower limit may be obtained if we can realistically model the signal strengths
dependence upon distance from the transmitter. Using the 1/R2 model provides a lower limit
for a situation in a vacuum with no intervening objects between the transmitter and the
receiver. The more accurate our model of the signal is the more accurately we will be able to
predict a lower limit to the average SE.

The reason we have stated that an accurate knowledge of the signals propagation shall lead
only to a lower limit is due to the fact that we are in affect considering a worse case scenario
for signal interference. In our models so far we have taken all signals arriving at the receiver,
which are not from the transmitter sending the information we wish to receive, to be noise. In
reality this is not the case, some signals may not interfere destructively at the position of the
receiver. It is also possible to improve the SNR by a variety of techniques (e.g. multi user
detection (MUD) and the use of multiple transmitters) which again leads to an increase in the
average SE. Only by grasping a more detailed understanding of how the signals interfere with
each other will we be able to formulate a model which provides us with a upper limit to the
average SE.

To continue towards our goal of a fundamental limit we must search for a new way to model
the propagation of the signal and how the different signals interact with each other. The next
section shall demonstrate how several novel suggestions we have come up with may be used
to tackle this problem.
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9. Alternative Spectral Efficiency Ideas

9.1 Bandwidth Limited Pulse
A bandwidth limited pulse is a pulse of the shortest possible temporal duration for a given
spectral bandwidth. These pulses are also referred to as transform, or Fourier transform
limited pulses in the literature with their applications typically in laser optics.

9.1a Time-Frequency Uncertainty Principle
A consequence of Parceval’s theorem is that the product of a pulses width in both frequency
and time space always exceeds a constant. This relation is understandable because of the
inverse relation between frequency and time 11 . This theory is similar to the Heisenberg
uncertainty principle where it is impossible to measure the values of certain conjugate
quantities to arbitrary precision. The time-bandwidth product can be expressed as 12

∆t.∆f ≥ 1
Eqn. 20
where ∆t is a measure of the pulse duration and ∆f is a measure of the pulse width in
frequency space. Pulse duration can be loosely be defined as the time during which the
majority of the pulse passes. I.e. the length of the pulse ignoring the near zero values at its
edges.

The bandwidth limited pulse is found by considering the limiting case of Eqn. 20 when the
inequality becomes its minimum. The difficulty in this process is defining the duration of a
pulse in usable and meaningful way. For a Gaussian pulse with the time duration expressed
as a FWHM, the time-bandwidth product approximately equals 0.44; for a sech2 pulse the
product is approximately 0.315. 13

Figure 55[a,b] – A comparison between two shaped pulses with
[a] equal amplitude and FWHM [b] limiting FWHM values
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Figure 55[a] shows the difference in shape between a Gaussian and sech2 pulse when the
amplitude and FWHM are fixed. The major difference between the two pulses is how quickly
they fall off, the Gaussian approaches zero faster than the sech2 distribution. Figure 55[b]
shows the case when the bandwidth has been set to 1Hz resulting in the FWHM value
equaling the time-bandwidth limiting product. The important feature to notice from this
graph is that both curves approach zero amplitude at approximately the same point in time.
This relates to both the pulses having the same duration, which is in agreement with the
uncertainty principle.

Figure 56 – A criterion for resolution of two pulses

Spectral efficiency is the data rate per Hz of bandwidth. With the bandwidth is set to 1Hz, the
time-bandwidth products result in spectral efficiencies of 4.55 and 6.35 bits s-1 Hz-1 for
Gaussian and sech2 distributions respectively. These values represent how many pulses can
be sent per second using 1Hz of bandwidth while still being resolvable by the condition in
Figure 56. This process assumes that one bit of data is carried per impulse.

9.1b Pulse Interference
Dispersion
A bandwidth limited pulse is composed of a continuum of frequencies within the specified
bandwidth. Dispersion occurs when electromagnetic waves of varying frequencies propagate
at different speeds, this causes a pulse to separate and broaden as it travels. The speed ‘v’ of
an electromagnetic wave varies as

ν=

c

n (λ )

Eqn. 21
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where c is the speed of light and n ( λ ) is the refractive index of a medium at a specific
wavelength.

Dispersion can affect the data rate of transmission because the radio pulses need to be
resolvable at all points in the cell. Further investigation will be needed to see how significant
this process is for high bandwidth pulses in the atmosphere.

9.1c Different Source Pulse Interactions
Interference relates to how a wave reacts in the presence of other waves. Each pulse will
interfere with every other pulse in either a constructive or destructive manner depending on
how their wavefunctions overlap. A single pulse is fired from each transmitter at time equals
zero; what will be the resultant wave at an arbitrary point inside the central cell?

As a pulse travels its energy is spread out over a 2D circular plane. The energy of a pulse is
proportional to the square of the amplitude; the energy also falls off with distance as the
circumference of a circle. As a result the amplitude has the form
Amplitude ∝ 2π r
where r is the distance of the pulse from its origin.

Eqn. 22

The phase of the pulse is dependent on how far the pulse has travelled. An electromagnetic
pulse travels at approximately the speed of light, the time it takes to travel to a mobile is
merely the distance divided by the speed. Different pulses travel different distances so the
expectation is that a mobile will receive multiple pulses at slightly different times. The phase
between each pulse is dependent on the cell size in the network and the bandwidth of the
pulse. Large cells mean the pulses has to travel further, larger bandwidth means that the
pulses are narrower so the same time difference will result in a larger phase difference.

For cells with an edge length of 10km, the maximum transmitter to transmitter distance in a
two layer network is approximately 35km.
approximately 1.15 *10-4 seconds.

The time lag induced by this distance is

For a low bandwidth pulse this time difference is

insignificant but as the bandwidth rises to around 100Hz, this time difference becomes of the
same order as the pulse width. For large bandwidths it will be necessary to consider how a
series of pulses interact over the network.
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9.1d Summary of Pulse Method
The pulse method sets an initial upper limit on the spectral efficiency by just considering how
fast it is possible to produce discrete pulses with a given bandwidth. When pulse interference
is added to a cellular model, it is necessary to consider dispersion and interference effects.

A rigorous mathematical treatment has not been given for the processes which are needed to
find a definite upper and lower limit to the spectral efficiency of a cellular network. Further
work needs to be carried out to better understand how the best possible bandwidth limited
pulse can be formed and what it looks like. This should give an upper limit on spectral
efficiency for a network.

The lower limit can be found by building interference into a Monte Carlo computer model
similar to that used previously in this investigation. The model should assume that each
transmitter randomly sends either a high or a low pulse. A description of a low pulse could be
anything from a pulse with minimal initial energy, zero energy or possibly a pulse with
negative amplitude. For every point in the central cell, the amplitude of the pulses can be
added together and a thresholding method used to decide how similar the received pulse is to
that of the transmitted pulse (Figure 57). In this manner it is hoped that a spectral efficiency
value can be allocated to each mobile ranging from the upper-limit downwards.

Figure 57 – Combination of multiple pulses could produce a broader pulse
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9.2 Quantum Information: An alternative theory of information transfer
The following section details several possible directions into which further research could be
conducted to find the upper limit of capacity. Unfortunately no simulations our calculations
were made using the models described below but initial investigation show promise and they
are well worth considering for future research.

In an attempt to formulate an upper limit to the information transfer of a system, we have
started from several very basic physical premises with no reference to radio equipment or
technology.

The purpose of this starting point is to remove any dependence of the

formulation upon the type of system being used to transfer information. The upper limit for
the transfer of information should be expressed in the purest of physical terms.

The

formulation should initially produce a result which is analogous to Shannon’s information
theory, and then may be extended to consider multiple streams of information transfer; Hence
building up a way of defining the information transfer capacity for a network.

9.2a Frequency and Time
To start we shall consider how information is sent from one place to another. We can
consider a miscellaneous information carrying particle/wave. In radio networks we send
information as waves. The problem is to work out how much information can be transferred
by each wave that we send.

It is common practice in radio networks to split the wave into segments in one of two possible
ways; the wave is either divided up by frequency (FDMA), or by time (TDMA). However as
shown by Fourier both time and frequency are interrelated and so both methods of division
are really both achieving the same ends, albeit via different means. For this reason we shall
only consider dividing the waves up via time division. One single frequency (delta function)
corresponds to an infinite time period and we may divide this up.

Figure 58 – How a single frequency my be Fourier transformed to give an infinite time period
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9.2b A Fundamental Unit of Information
The fundamentals of information transfer could be viewed as a stream of 0’s and 1’s. It is the
most simple statement that may be transferred, the message sent is either true, 1, or false,0.
This Boolean logic needs to be transferred through space somehow. As stated by Shannon we
need not consider how this information is coded, the important fact is simply how much
information may be sent. After this fundamental limit is found it should be possible to create
a method of coding which allows the information to be sent in the most efficient way in order
to reach this limiting case

Quantum information theory suggests that atoms may be used as bits of information e.g.
hydrogen atoms could be used; with the ground electronic state representing 0 and the excited
state representing 1. Similarly the information could be transferred by considering the spin of
a particle; perhaps a photon with spin 1 could be used. The direction of the spin could be
used to define the Boolean variable that is being transferred, an upward spin could be 0 and
the downward spin could be 1. This is demonstrated pictorially in Figure 59 below. This
type of information transfer is referred to in the literature as q-bits.

Figure 59 – An atoms electronic state or a particles spin may be used to transfer information. Such quanta of
information are termed q-bits

It is possible to utilise a variety of different particles to transfer information, but let us
consider for a moment a general case. We shall give an information carrying particle a
information quantum number, which may be either 0 or 1. This quantum number could be
designated when the particle is created, and by examining the particles wave function later on
the quantum number could be retrieved. In the literature such a system is termed a ‘number
counting channel’ as information is obtained by counting the number of quanta that arrive at
the receiver. For the sake of argument we shall call our hypothetical information carrying
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particle a ‘quip’. Later we shall see that our ‘quip’ is, for all intents and purposes, the same as
a photon.

9.2c Quantum Communication Channels
The next problem to confront is how to view our stream of ‘quips’ as an information channel.
The ‘quips’ are being sent by travelling along an electromagnetic (E.M.) field. That is they
are travelling along the transmitted radio waves.

By looking at the transverse and

longitudinal modes of the E.M. field it is possible to derive a definition for a quantum
communication channel 14.

A transverse mode is defined by a particular spatial dependence perpendicular to the direction
of propagation, for a given spin state or polarisation. Each transverse wave supports many
longitudinal modes.

The longitudinal modes are defined by their spatial (or temporal)

dependence along the direction of travel. It is these longitudinal modes which carry the
information, therefore the rate of information transfer is determined by how well we may
resolve these longitudinal modes.
In theory it should be possible to differentiate between the transverse modes of an E.M. field14
at any point. Therefore we shall treat each transverse mode as an independent communication
channel, and state that knowledge of how many longitudinal modes pass a point during unit
time should lead towards the capacity of the system.

The next logical step is to determine how our information carrying particles, ‘quips’, travel
down the communication channel. There are three rates which are associated with a single
communication channel:
1.

The channels carrier frequency, f0

2.

Rate at which quanta are transmitted down a channel, P/hf0
Where P is the limiting power of the signal

3.

The information transfer rate (capacity), C

Setting these rates equal leads to an expression for the optimal capacity, Copt14:

P
≈ C opt ≈ f 0
hf 0

Eqn. 23
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Equation 23 gives rise to two very interesting pieces of information. The left hand side of the
equation shows that optimum capacity is reached when each quantum sent carries only 1bit of
information. The right hand side of the equation shows that optimum capacity is achieved by
sending one quantum per period of the carrier frequency. N.B each quantum of information
can carry more than one bit but this leads to a reduction in the number of quanta that can be
sent per period. This statement is recognised as the ‘Holevo bound’ 15.

9.2d Wavefunction model of information transfer
From the Holevo bound we can now state that each ‘quip’ carries one bit of information, and
that one quip is sent per period. The next step is to investigate how close the ‘quips’ can be
together while enabling us to resolve them.

To start with we shall state that these particles have a given size, a fixed radius, and if the
particle is mass-less we may assume that it travels at the speed of light. For all intents and
purposes we may consider these ‘quips’ to be analogous to the photons which make up an
E.M. wave. Let us consider the information transfer in terms of bits per second (bits s-1). The
capacity is then simply given by:

Capacity = Distance travelled by light in 1sec / Diameter of a ‘quip’

To continue with this line of reasoning a method must be devised to determine the diameter of
the ‘quip’ which is being transmitted. For this we need two things, the first is an distribution
function for the expectation values of the position of the ‘quip’ and the second is a unit of
time to average over.

To determine the expectation value of the ‘quips’ position a time dependant wavefunction for
the particles motion needs to be defined. Using a description similar to that used to describe a
monochromatic wave of photons travelling in a zero potential the wavefunction should take
the form:
Ψ ( x, y ) = exp(ikx − iwt )

Eqn. 24
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Equation 24 is the wavefunction for a wave propagating outwards in a straight line from a
point source with wave vector K and angular frequency w. We can now relate the terms in
the wave function to the energy of the ‘quip’.
Using E = ω and k = E / c we can re-write the wavefunction as:
 iE  x  
Ψ ( x, y ) = exp  − t  
   c 

Eqn. 25

From this wavefunction we should be able to find the width of the distribution function for the
expectation value of the particles position for a time period δt. In order to get an appropriate
value of the spread of position for the ‘quip’ the smallest possible time period will be used,
therefore δt should be of the order of the plank scale. This allows a ‘diameter’ for the ‘quip’
to be calculated.

Figure 60 – Expectation value for the position of a quip during a time period t

From Figure 60 it can be seen that during a period of time, δt, the ‘quip’ may occupy a region
of space d. We now need to know how close these particles can be orientated spatially and
still be able to resolve them into individual units of information. Using a method taken from
optical physics we shall state that, similar to the Rayleigh criterion, it is only possible to
resolve the ‘quips’ when the distance between the peaks is d/2 or greater. This is the radius of
the ‘quip’ particle.
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Figure 61 – Minimum distance between two quips is d/2. This process is analogous to the use of the Rayleigh
criterion in optical physics

It is now possible to determine the capacity for a beam of monochromatic ‘quips’ with radius
r. The Capacity of the channel is equal to the distance travelled by a ‘quip’ in 1sec divided by
the radius of a ‘quip’:

Capacity =

c
r

Eqn. 26

where c is the distance travelled by light in 1sec and r is the radius of a quip.

For particles which are transmitted at a fixed energy/frequency the capacity of information
transfer between two points may be determined. From this equation it is possible to calculate
the capacity for a range of frequencies. As the radius of our ‘quips’ is determined by the
wavefunction, which is a function of the particles energy, then different energies and hence
different frequencies will have different diameters. The diameter of a ‘quip’ may therefore be
expressed in terms of the frequency at which it is sent; radius is a function of frequency r(f).

The spectral efficiency (SE) of a system utilising several different frequencies, f1 to f2, will
be given by an integral of the form:

SE =

f2

c

∫ r ( f )df

Eqn. 27

f1

This formula provides many interesting possibilities and should be investigated further. As
with the ‘real’ network simulation the problem of how the different signals interact still needs
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to be tackled. However the interference of wavefunctions is a well understood phenomena
and so much progress may be made in this direction.

9.2e Probability Flux
An alternative way to finding the capacity of an E.M. field communication channel is to look
at the probability flux. From the wavefunction description of our ‘quip’, it is possible to
derive an expression for a probability flux which enables us to calculate the number of ‘quips’
which pass a point per unit time.

The expression for the probability flux is given as:
i  *
∂Ψ ( x, t )
∂Ψ * ( x, t ) 
J ( x, t ) = −
− Ψ ( x, t )
 Ψ ( x, t )

2m 
∂x
∂x 

Eqn. 28

Knowledge of the particles wavefunction (equation 25) allows a derivation for an expression
of the probability flux:

A

2

P
= J ( x, t )
m

Eqn. 29

Where A is the amplitude of the wavefunction and P/m is the classical velocity of the particle.

As the square of the amplitude is equal to the signal power of the transmitted information we
can state that the probability flux is dependant upon the classical velocity of the ‘quip’ and the
signal power.

There is however a major problem to this approach. We need to know how many particles we
have on one side of a point x, before we can use the probability flux to determine the number
of particles that pass the point x per second. Although this method cannot be used to calculate
the capacity of the channel we have found an important relation. The flux of the particles
appears to depend entirely upon the power of the radio signal. This finding is backed up by
quantum information theory in section 19.2f.
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19.2f Quantum Information Theory
The final point to discuss within this section is the field of quantum information theory. This
is an alternative way of formulating Shannon’s information theory in terms of quantum
entropy.

Unfortunately these theoretical concepts are normally difficult to transfer into

something which may resemble solutions to the problems encountered within radio networks.
An ‘ultimate’ theory of quantum communication has been derived 16 in terms of quantum
entropy. This theory gives an upper limit to the capacity of a single channel with an infinite
bandwidth. I.e. the capacity of a single transverse mode in an E.M. field, utilising an infinite
frequency bandwidth.

C opt = π

2P
3h

Eqn. 30

Where P is the limiting power of the channel. This is a similar result to that in (section on
probability flux) where we found that the capacity of the system is only dependant upon the
signal power.

It would be interesting to attempt to model the limiting power at every point in a radio cell,
and use Equation 30 to calculate the capacity over the cell. There are several alterations that
will be need to be made to the current theory and much thought will have to go into modelling
the limiting power of the system but this method has definite promise in leading towards an
solution to the limiting capacity of a radio network.

19.2g Summary
To briefly summarise this section; we have looked at three different methods, utilising
quantum mechanical theories, to formulate an expression for the limiting capacity of a radio
network. The first two methods both demonstrate how we can use a wavefunction description
of an information carrying particle to work towards a capacity for a single communication
channel. The benefit of using wavefunctions is that it should be possible to accurately model
the interference between conflicting signals (this was a big problem in the model of the ‘real’
radio network). By using quantum mechanical ideas we should be able to properly combine
the wavefunctions representing the information transmitted from the various base stations in
the radio network. This will allow a more accurate measure of the SE as stated in section 8.
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Another incredibly useful by-product of using wave functions is the ease in which we can
change from looking at a single channel to modelling the network in 2D. By using spherical
waveforms it should be possible to model the propagation of the waves from a point and
hence allow us to work towards a method of finding the capacity for the entire network. Both
of these methods show promise and should be developed further.

The third method uses a quantum entropy formulation for a single channel and attempts to
expand it to account for a 2D situation. The only problem with this method is that we still
have the problem of determining how interference affects the power of the signal.

It is important to note that all these methods look as though they will produce a similar
distribution of SE across a cell as seen in the ‘real’ radio network model. For this reason we
believe that it may be more useful to give an upper limit to the average SE that may be
obtained in a radio network rather than an absolute limit.

As shown in

section 6 on

improving spectral efficiency we have seen many ways of improving the distribution of SE
across a cell but no way of increase the average SE for a cell. We do not state here that we
have found the limiting value but that in all probability one does exist and using some of the
models suggested in this section we may be able to find out what this value is.

Page 72 of 74

Fundamental Limits of Radio Networks

Stephen Mullens
Alexander Saywell

10. Conclusion

A variety of techniques have been used to estimate the fundamental limit of spectral
efficiency in a network. For a realistic network the spectral efficiency is heavily dependent
on the environment which the network exists in. The maximum possible spectral efficiency
of a flat 2D plane is very different to that of an urban environment where buildings and other
objects interfere with the signal. It has been shown that varying the manner by which radio
signals degrade with distance significantly affects spectral efficiency.

Results obtained from the model of a ‘real’ network suggest that there is an upper limit to the
capacity of a radio network but that this limit is best expressed in terms of an average SE per
cell. We state that the distribution of SE over a cell may be changed but the average SE value
has an upper limit.

Alternative methods to establish the fundamental limits of radio networks have been
introduced. Both the bandwidth limited pulse and quantum information approaches form the
basis for future work. Unfortunately the fundamental problem in all approaches is how to
model signal degradation with distance, and the interference of signals in a meaningful way.

11. Future Work
The main problems to be overcome in continuing this investigation area are the successful
modelling of signal degradation with distance and the interference of signals. Future work on
this project would include looking at all the alternative models described in the report and
attempting to adapt them to overcome the problems mentioned above. The models based
upon wave function analysis show particular promise with regards to accounting for signal
interference and the impulse model takes into account signal degradation in a more accurate
fashion by considering the dispersion of the pulses.

There is definite evidence for a fundamental limit of communication for radio networks. The
challenge now is to combine quantum information theory with radio technologies to gain a
better understanding of how this fundamental limit may be achieved.

Page 73 of 74

Fundamental Limits of Radio Networks

Stephen Mullens
Alexander Saywell

12. References
1
2
3
4
5
6
7

8
9
10
11

12
13
14
15
16

Q. Bi, G. I. Zysman, H. Menkes, IEEE Comms. Mag. 110-116 Jan (2001)
M. Alouini, A. J. Goldsmith, IEEE Trans. On Vech. Tech. 48 1047-1066 (1999)
C.E. Shannon, The Bell System Technical Journal 27 379–423 (1948)
Hwei P.Hsu ‘Analog and Digital Communications’ TK 5102 HSU
M. Alouini, A. J. Goldsmith, IEEE Trans. On Vech. Tech. 48 1047-1066 (1999)
V.H. MacDonald. Bell Sys. Tech. J. 58 15-41 (1979)
F. Babich, G. Taricco, F. Vatta. Int. J. Commun. 56 99-107 (2002)
Bollobás, B. and West, D. B. "A Note on Generalized Chromatic Number and Generalized Girth."
Discr. Math. 213, 29-34, 2000
A. Duel-Hallen, J. Holtzman, Z. Zvonar, IEEE Personal Commun, April 1995
A. Rajeswari, K. Gunavathi, A. Shanmugam, acadjournal.com, Vol 13 (2004)
K Riley, M Hobson, S Bence. Mathematical Methods for Physics and Engineers, 1st Ed Ch. 11,
University Press, Cambridge
http://sepwww.stanford.edu/sep/prof/fgdp/c4/paper_html/node2.html (1997)
http://www.rp-photonics.com/time_bandwidth_product.html (2006)
C.M. Caves, P.D. Drumand, Rev. Mod. Phys. 66 2 (1994)
A. Sen, Phys. Rev. Letts. 95 260503 (2005)
H.P. Yuen, M. Ozawa, Phys. Rev. Letts 70 4 (1993)

Page 74 of 74

